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Abstract
Asymptotic form of neutron Cooper pair penetrating to the exterior of nuclear surface is investi-
gated with the Bogoliubov theory for the superfluid Fermions. Based on a two-particle Schro¨dinger
equation governing the Cooper pair wave function and systematic studies for both weakly bound
and stable nuclei, the Cooper pair is shown to be spatially correlated even in the asymptotic large
distance limit, and the penetration length of the pair condensate is revealed to be universally
governed by the two-neutron separation energy S2n and the di-neutron mass 2m.
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The separation energy of the constituent particle, i.e., the minimum energy needed to
remove particle(s) out of a system, influences strongly surface properties of the system. A
characteristic example in nuclear physics is the neutron halo [1–3], a dilute neutron distri-
bution extended far outside the nuclear surface. This exotic structure is found near the
drip-line, i.e., in the most neutron-rich isotopes where the neutron separation energy is re-
duced by more than one order of magnitude compared with that in naturally abundant
nuclei. It has been considered that the halo is formed by the last neutrons (the most weakly
bound ones) penetrating deeply into the classically forbidden exterior of the nuclear poten-
tial. However, how they penetrate is a non-trivial question since nucleons are correlated due
to the two-body interaction. In particular, the neutron pair correlation or the attraction
between the weakly bound neutrons should be taken into account as they play decisive roles
in the formation of halo [4–11].
To answer the question, one may consider wave function of a ”Cooper pair” formed
by the last two neutrons. It can be generally defined by Ψpair(r1 ↑, r2 ↓) =
〈ΦN−2|ψ(r1 ↑)ψ(r2 ↓)|ΦN〉, where
∣∣ΦN [N−2]〉 is the pair-correlated ground state under in-
terest with even neutron number N and N − 2, while ψ(r1 ↑) and ψ(r2 ↓) are neutron
annihilation operators at positions r1 and r2 with opposite spins. One needs to know the
behaviors of this Cooper pair wave function in the asymptotic region r1, r2 →∞ far outside
the nuclear surface.
The correlation of the halo neutrons is often studied for light-mass two-neutron halo
nuclei by means of the three-body models [5, 8, 10, 12] and the cluster models [13, 14],
which suggest that the two halo neutrons are correlated spatially — often referred to as
the di-neutron correlation. The asymptotic behavior is discussed in the Faddeev three-body
approach using the hyperspherical coordinates [9, 15]. However, these models assume a core
plus very weakly bound two neutrons, and the analyses are limited to light-mass drip-line
nuclei.
In this Letter, in contrast, we investigate the asymptotics and the correlation of the
neutron Cooper pair on a more general ground, i.e., by using the selfconsistent mean-field
model combined with the Bogoliubov quasiparticle approach for the pair correlation, which
can be applied to essentially all the self-bound nuclei. In fact, the Hartree-Fock-Bogoliubov
(HFB) models [16, 17] and the relativistic Hartree-Bogoliubov models [7, 18], are successful
in describing not only tightly bound nuclei, but also neutron-rich nuclei with small separation
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energies if they are formulated in the coordinate space [6, 19–21]. Examples include two-
neutron halo nuclei such as 11Li [6] and the giant halo, involving several neutrons, predicted
e.g. in N > 82 Zr isotopes [7, 22, 23]. We note also that the di-neutron correlation in the
Cooper pair wave function is predicted in the HFB models applied to medium and heavy
mass neutron-rich and stable nuclei [24, 25] with separation energies ∼ 2 − 10 MeV. On
these backgrounds, we investigate in this study how the asymptotics of the neutron Cooper
pair vary as a function of the neutron separation energy.
The Bogoliubov’s quasiparticle method adopted in the HFB model is essentially the same
as those applied to various Fermion systems with superfluidity caused by 1S short-range
attractive interactions [26–28]. The ground state of a pair correlated nucleus is approximated
as a variational vacuum |Φ0〉 of independent quasiparticle states. The quasiparticles have
two-component wave function φi(x) = [ϕ1,i(x), ϕ2,i(x)]
T with x = rσ, and obey the HFB
equation 
 h− λ ∆
−∆∗ −h∗ + λ



 ϕ1,i(x)
ϕ2,i(x)

 = Ei

 ϕ1,i(x)
ϕ2,i(x)

 , (1)
known also as the Bogoliubov-de Gennes equation in general [27]. The single-particle Hamil-
tonian, h = t+U , includes the kinetic operator t and the selfconsistent mean field potential
U . The Fermi energy is λ and the pair potential ∆. The Cooper pair wave function in this
approach is given as Ψpair(x1, x2) = 〈Φ0|ψ(x1)ψ(x2)|Φ0〉, and expressed as
Ψpair(x1, x2) =
1
2
∑
i
ϕ1,i(x1)ϕ
∗
2,i(x2)− (x1 ↔ x2) (2)
in terms of a sum of the quasiparticle wave functions.
A crucial step to explore the asymptotic form of Ψpair(x1, x2) is to note that it obeys
”two-particle Schro¨dinger equation”,
[t(1) + t(2) + v(1, 2)]Ψpair(x1, x2) = 2λΨpair(x1, x2) (3)
for r1, r2 →∞, with v(1, 2) the two-body force between neutrons.
The derivation of this equation is as follows. Operating the single-particle Hamiltonian
h(1) + h(2) on ϕ1,i(x1)ϕ
∗
2,i(x2) in Eq.(2) and using Eq. (1), one finds
[h(1) + h(2)− 2λ]Ψpair(x1, x2) =
−∆(1)
∑
i
ϕ2,i(x1)ϕ
∗
2,i(x2)−∆(2)
∑
i
ϕ∗1,i(x2)ϕ1,i(x1). (4)
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Secondly, it can be shown that the r.h.s. of Eq. (4) will be −∆(x2, x1) in the asymptotic
limit. Here we use the completeness relation of the Bogoliubov quasiparticle wave functions,∑
i
[
ϕ1,i(x)ϕ
∗
1,i(x
′) + ϕ∗2,i(x)ϕ2,i(x
′)
]
= δxx′, and the known asymptotic behavior [19, 20]
ϕ1,i(x)→

 e
−κ1r/r (Ei < |λ|)
e±iκ1r/r (Ei ≥ |λ|)
, ϕ2,i(x)→ e−κ2r/r, (5)
for r →∞ with
κ1 =
√
2m|Ei + λ|
~2
, κ2 =
√
2m|Ei − λ|
~2
, (6)
which leads to |ϕ1,i(x)| ≫ |ϕ2,i(x)|. We can neglect the terms ∝
∑
i ϕ2,i(x1)ϕ
∗
2,i(x2) in
Eq.(4) for r1, r2 → ∞. Finally, with the definition of the pair potential ∆(x2, x1) =
v(x1, x2)Ψpair(x1, x2) and asymptotically vanishing potential U → 0, we obtain Eq. (3).
The structure of Eq. (3) is identical to the Schro¨dinger equation for two interacting
particles with the total energy E = 2λ < 0. We note that the two-particle Schro¨dinger
equation, known to hold for the strong coupling limit or the Bose-Einstein condensate (BEC)
regime of the BCS-BEC crossover phenomenon [29, 30], also holds in the asymptotic limit
far outside the surface. In the following we consider the Cooper pair wave function in the
1S channel (x1 = r1 ↑, x2 = r2 ↓). We also assume the spherical symmetry of |Φ0〉.
Adopting the di-neutron coordinate system (the relative coordinate r = r1 − r2 and the
c. m. coordinate of the di-neutron R = (r1 + r2)/2), a solution of Eq. (3) in a separable
form can be obtained as,
Ψpair(r1, r2) =
∑
L
∫
deCLe φ
L
e (r)Φ
L
d,e(R)PL(cos θRr). (7)
This solution is expressed by the relative wave functions φLe (r) with the angular momentum
L, obeying
[
− ~2
2µ
∆r + v(r)
]
φLe (r)YLM(rˆ) = eφ
L
e (r)YLM(rˆ) with the reduced mass µ =
1
2
m
and the relative energy e, and the c. m. wave function ΦLd,e(R)YLM(Rˆ) of the di-neutron,
behaving at R→∞ as
ΦLd,e(R)→ exp(−κd,eR)/R (8)
with the exponential constant κd,e =
√
2M(2|λ|+ e)/~ for the di-neutron with the mass
M = 2m and the energy Ed = −2|λ| − e.
The nn system has no bound state with e < 0, but in the 1S channel it has a virtual
state due to the large scattering length a = −18.5 fm [31]. As a result, at small r and e ∼ 0
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the 1S-wave function φL=0e (r) has a large amplitude and it depends only very weakly on e.
Provided that CL=00 6= 0 and CL=0e is smooth as a function of e, the asymptotic Cooper pair
wave function (7) is then dominated by the L = 0 and e = 0 component. Thus we have
Ψpair(r1, r2)→ CL=00 φL=00 (r) exp(−κd,0R)/R (9)
for R→∞ and small r, where the exponential constant is
κd,0 =
√
2M(2|λ|)
~2
=
√
8m|λ|
~2
. (10)
The asymptotic form Eqs. (9) and (10) indicates the penetration of a di-neutron correlated
spatially at short relative distances, and its penetration length is controlled only by di-
neutron mass M = 2m and the two-neutron separation energy S2n = 2|λ|. The amplitudes
CL=0e>0 and C
L>0
e in Eq. (7) influence the behavior at larger r, and they may depend on
detailed conditions, e.g. the pair wave function inside the nuclear surface, the quasiparticle
spectra, and the Fermi energy.
In the following, we will examine the asymptotic behavior of the Cooper pair wave func-
tion by performing the selfconsistent HFB calculation with the Skyrme functional for even-
even 44−76Ca, 60−88Ni, 92−138Zr and 120−150Sn covering from stable to neutron-rich drip-line
nuclei. The Skyrme parameters are respectively SkM* [32] for Ca, SLy4 [33] for Ni and
Sn, and SkI4 [34] for Zr. The pairing force is a density-dependent contact interaction, with
the force strength v0 = −458.4 MeV fm−3 and the energy cut-off Ecut = 60 MeV,which
reproduces the 1S scattering length [35, 36]. The HFB equation (1) is solved by mesh diag-
onalization in the radial coordinate space [37]. Compared with previous HFB calculations
(e.g., Refs. [6, 7, 21–24, 38]), we use a larger box size Rbox = 100 fm and a larger angular
momentum space lmax = 72 to describe the asymptotic behaviors of the neutron pairing.
First, let us discuss a very neutron-rich nucleus 138Zr, which is predicted to have giant halo
structure [22, 23, 38]. Figure 1 (a) and (b) show the single-particle levels and quasiparticle
spectra of neutrons in 138Zr respectively. The quasiparticle spectra are presented in terms of
the pair number density n˜lj(E) for the quasiparticle states with angular quantum numbers
l = 0 ∼ 5, j = l±1/2 [38]. This nucleus has a very shallow Fermi energy λ = −0.22 MeV in
our calculation, and thus all the quasiparticle levels turn out to be continuum states above
the threshold |λ| as seen in Fig. 1 (b).
The neutron pair condensate (the pair density) ρ˜(R) ≡ 〈Φ0|ψ(R ↑)ψ(R ↓)|Φ0〉 =
Ψpair(R,R), which is nothing but the Cooper pair wave function at contact configuration,
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FIG. 1: (a) Single-particle levels and (b) quasiparticle spectra of neutrons in 138Zr. The quasi-
particle spectra are presented in terms of the pair number density n˜lj(E) [38]. The Fermi energy
is denoted by the dashed curve. (c) Neutron pair condensate ρ˜(R) in 138Zr. The solid curve is
the total pair condensate and the dotted curves are partial contributions ρ˜lj(R) from quasiparticle
states with l = 0 ∼ 5 (j = l ± 1/2), and l = 10, 20, 30, 40 (j = l − 1/2).
is shown in Fig. 1 (c). It has a huge extended tail with a very gentle exponential slope due
to the shallow Fermi energy. A large number of partial waves reaching very high orbital
angular momenta (l ∼ 10, 20, 30, 40 at R = 10, 20, 30, 40 fm, respectively) have coherent
contributions of comparable magnitudes to build up the total pair condensate ρ˜(R). It is
in contrast with the naive single-particle picture, in which the bound single-particle orbits
located near the Fermi surface, 3p1/2, 3p3/2 and 2f7/2 in the present case, would be domi-
nant. Moreover it is consistent with the spatially correlated Cooper pair predicted in our
analytic evaluation Eq. (9) since the l-coherence up to a large value lcorr implies an angular
correlation at small relative angles <∼ θcorr ∼ O(1/lcorr) between two neutrons or equivalently
the spatial correlation at short relative distance r <∼Rθcorr ∼ O(R/lcorr) [24].
A more direct evidence for the analytic expression, Eqs. (9) and (10), can be seen in the
slope of the exponential tail. By fitting R2ρ˜(R) = Ae−κ˜R at R = 35− 40 fm, we obtain the
exponential constant κ˜ = 0.218 fm−1, which is in good agreement with the analytic value
κd,0 = 0.207 fm
−1 calculated with Eq. (10).
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FIG. 2: The asymptotic exponential constant κ˜ of the neutron pair condensate ρ˜(R) obtained from
the HFB calculation for 44−76Ca, 60−88Ni, 92−138Zr, 120−150Sn, plotted with filled symbols as a
function of
√
|λ|, where λ is the Fermi energy. The results for 48Ca, 78Ni, 132Sn, 110Zr and 122Zr
are not included due to the absence of pairing. The open symbols denote the estimate κ˜qp, which
is evaluated for the lowest quasiparticle state (see text for details).
The asymptotic exponential constants κ˜ obtained by fitting to the results for 44−76Ca,
60−88Ni, 92−138Zr, and 120−150Sn are plotted in Fig. 2. We find that all the exponential
constants κ˜ follow quite well the expected relation κ˜ =
√
8m|λ|/~ even though the Fermi
energy varies from λ = −10.3 MeV (44Ca) to −0.22 MeV (138Zr).
We emphasize that the above results are non-trivial if one treats the problem from the
viewpoint of the independent quasiparticle basis. Noting asymptotic forms of the quasi-
particle wave function, given in Eq. (5), one may assume that the asymptotics of the pair
condensate ρ˜(R) ∼ ∑i ϕ1,i(R)ϕ2,i(R) is dominated by quasiparticle states with the lowest
quasiparticle energy. This assumption gives an estimate [20] κ˜qp = κ1,min + κ2,min with κ1
and κ2 evaluated for the lowest discrete quasiparticle energy Ei,min as in Eq. (6). If there
is no bound quasiparticle state (the case of shallow Fermi energy), the lowest quasiparticle
state is the one at the threshold Ei,min = |λ| for unbound continuum states, and the estimate
would be κ˜qp = κ2,min =
√
4m|λ|/~ [20]. These estimates are also plotted in Fig. 2. In the
case of 138Zr, the above estimate gives κ˜qp =
√
4m|λ|/~ = 0.146 fm−1, but this is about
30% smaller than the actual value κ˜ = 0.218 fm−1 ≈√8m|λ|/~. Clearly a superposition of
unbound continuum states is necessary [38]. We can justify this statement also by noting
that the summation in Eq. (2) over the unbound continuum states with E ≥ |λ| can be
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FIG. 3: Same as Fig. 1 but for 92Zr. In the inset of panel (c), the partial pair condensate of d5/2
states (thin solid curve) is further separated into those from the discrete 2d5/2 (dashed curve) and
continuum states (dotted curve).
evaluated approximately as [37]
R2ρ˜(R) ∝
∫ ∞
|λ|
sin(κ1(E)R)e
−κ2(E)RdE
∼ K2
(√
8m|λ|
~2
R
)
∼ exp
(
−
√
8m|λ|
~2
R
)
, (11)
for R→∞. Here K2(z) is the modified Bessel function.
Finally we remark that the microscopic content of the asymptotic Cooper pair varies
with the separation energy although the asymptotic exponential constant κ˜ =
√
8m|λ|/~ is
universal for both neutron-rich and stable nuclei with shallow and deep Fermi energies. An
example is a stable nucleus 92Zr (λ = −6.6 MeV). As shown in Fig. 3 (a) (b) there exist
several bound quasiparticle states in this case. The 2d5/2 orbit is the one with the lowest
quasiparticle energy that would be occupied by the last two neutrons in the independent
single-particle picture.
The pair condensate ρ˜(R) and its quasiparticle compositions ρ˜lj(R) of
92Zr are shown in
Fig. 3 (c). Apart from the steep asymptotic exponential slope due to the large separation
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energy, we find coherent high-l contributions in the exponential tail, as in the case of 138Zr.
In addition we see another feature, not seen in 138Zr, that there is a significant contribution
from the d5/2 states. It comes from the discrete quasiparticle state 2d5/2 as shown in the inset
of Fig. 3 (c). We note that the contribution of this quasiparticle state, ϕ1,i(R ↑)ϕ∗2,i(R ↓) in
Eq.(2), has an asymptotic exponential constant κ˜qp = κ1,min + κ2,min = 1.128 fm
−1, which is
almost identical to the value κ˜ =
√
8m|λ|/~ = 1.131 fm−1 since Ei ≪ |λ| (See also the open
symbols lie on the line κ˜ =
√
8m|λ|/~ for |λ| & 4 MeV in Fig. 2). Thus this quasiparticle
contribution remains effectively for physically relevant range of large R. In this case, the
asymptotic Cooper pair wave function may be generally written as
Ψpair(r1, r2) ∼ C ′φ0(r)e−κd,0R/R
+
1
2
∑
im
′
c′im
[
ϕ1,im(r1 ↑)ϕ∗2,im(r2 ↓)− (x1 ↔ x2)
]
(12)
where the second sum runs over the lowest quasiparticle states.
Equation (12) can cover from stable to drip-line nuclei. The second term represents
the independent quasiparticle behavior, which survives if Ei,min ≪ |λ| or ∆≪ |λ|, valid for
nuclei close to the stability line (∆ being the pairing gap). As the Fermi energy λ approaches
zero, i.e. in the case of Ei,min ∼ |λ| or ∆>∼|λ|, the asymptotic Cooper pair wave function is
dominated by the first term, representing the spatially correlated di-neutron penetration.
In summary, the neutron Cooper pair never looses its spatial correlation when it pen-
etrates into the asymptotic region R → ∞. The asymptotic form of the neutron pair
condensate is ρ˜(R) ∼ e−κ˜R with the exponential constant κ˜ =√2(2m)S2n/~, which is char-
acterized by the two-neutron separation energy S2n = 2|λ| and the di-neutron mass 2m,
irrespective of whether the Fermi energy |λ| is small or large. It implies that there is no
theoretical upper bound on the penetration length of the pair condensate, since it scales as
1/κ˜ ∝ 1/√S2n. The spatial correlation in the asymptotic Cooper pair emerges explicitly in
the weakly bound nuclei satisfying |λ|<∼∆ (S2n<∼ 2∆), while for large separation energies
the independent particle features coexist.
In the present analysis we have employed the fact that the 1S interaction has a large
scattering length. If the interaction is weaker, the spatial correlation will be weakened
accordingly. We remark also that the above results can be generalized to the surface pene-
tration in any S-wave paired Fermi systems.
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